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+3 . 1 Introduction 

The notion of a continual Lie algebra (a Lie algebra with continual set of roots) first appeared 
in works of Saveliev and Vershik [171 [j~8l \19\ 1 12 j . The main feature which distinguishes con- 
tinual Lie algebras from ordinary ones is that their generators are parametrized by elements of 
a space which we call in what follows the root space E. The commutator of two continual Lie 
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f-*- , algebra elements also depends on bilinear mappings K defined on the root space. Continual Lie 
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algebras [18] represent generalizations of many classes of infinite-dimensional Lie algebras. In 
the simplest class of continual Lie algebra examples, Kac-Moody Lie algebras [TT], mappings K 
reduce to Cartan matrices corresponding to discrete root spaces. 
Q\ \ The general definition of a continual Lie algebra \18\ [T9] admits a noncommutative space 

of roots. The identities which follow from Jacobi identity applied to elements of a continual 
Lie algebra are also valid in noncommutative case. Nevertheless, it is quite complicated to 
find examples (some of them were derived in [23] )■ Most cases of mappings defining continual 
Lie algebras with commutative root spaces do not satisfy to these identities when one passes to 
a noncommutative space. It is even more complicated when original mappings contain derivative 
terms. Our aim was to find classes of appropriate differential mappings that are subject to the 
identities ©-([8]) when 8 is noncommutative. 

In this paper we introduce generalizations for the Witt [6] , Ricci flow [2j [31 dj 121] > an d Pois- 
son bracket [18] , as well as other examples of continual Lie algebras with noncommutative root 
spaces. The noncommutative root space £ we use is the space of tensor product powers of 
a space E which is endowed with a noncommutative product. We also introduce some special 
products defined in £. The associativity of these products leads to solutions of the identities 
dS])-®. We would like to stress that we derive mappings for new continual Lie algebras inde- 
pendently of the nature of a noncommutative product in E. In further applications one can 
then consider examples of continual Lie algebras with some specific multiplications in E (as in, 
e.g., see [7]), and with some fixed commutation relations of E elements and their derivatives 
with respect to parameters. New examples of continual Lie algebras we introduce generalize cor- 
responding commutative root space counterparts. In the special limit of tensor product power 
one and commutative limit of a product in E, they reduce to original continual Lie algebras. 
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In some cases mappings of noncommutative root space continual Lie algebras we derive do not 
form continual Lie algebras in commutative limit. 

Many interesting properties of continual Lie algebras have been found useful in applications 
within the group-theoretical approach [13] to the construction of exactly solvable dynamical 
systems [THJ, EH1 121 El SI [231 [22] . The structure of commutations relations and bilinear mappings K 
turned out to be very helpful in the development of noncommutative generalizations for known 
integrable models [231 1221 124] . Continual Lie algebras with noncommutative root space we 
introduce inspire various new applications in integrable models. In particular, they can be used 
(as in [23] ) for construction of solvable models defined in noncommutative spaces |2H [51 [22] . 

The plan of the paper is as follows. In Section [2] we give a formal definition of a continual Lie 
algebra. Then in Section [3J examples of continual Lie algebras with commutative root spaces are 
mentioned. In Section H] we give definitions and notations related to noncommutative spaces of 
roots (NCRS). In Section [5] we introduce new examples of mappings in a noncommutative root 
space £, and prove that they satisfy to the defining identities of a continual Lie algebra. Finally, 
we mention directions for further generalizations and possible applications in solvable models. 

2 Continual Lie algebras 

Let £ be a vector space. A continual Lie algebra [12] is generated by the generalized local part 
gm _ ©| n | <mQ £/ n , Q n = {X n (4>), (j) € £} , n € Z, satisfying the defining relations for all (j), tp £ £ , 
and |n|, |m|, \n + m\ < tuq, 

[X n {</>),X m (i/,)] = X n+m {K n>m {(j), VO), (1) 

where K n ^ m : £ x £ — > £ , n,m G Z, are bilinear mappings. As for classical discrete root space 
Lie algebras, we call £ the root space. Ordinary Jacobi identity applied to elements Xi(cj)) imply 
the following conditions on K n ^ m : 

-Kfc,m+nO, K mtn (lp, X)) + K mtn+k (lf), K n ^{%, 4>)) + -^n,fe+m(X, Kk,m(4>, VO) = °> ( 2 ) 

K n<m ((j),i/j) = -K m;n {ip,4)), (3) 

for all 4>,ip,x £ £■> an d \l\ < rriQ, where / denotes an index (or a sum of indexes) in ([2]). Then 
an infinite-dimensional algebra Q(£;K) = Q'{£;K)/J is called a continual contragredient Lie 
algebra where G'(£; K) is a Lie algebra freely generated by the minimal (in accordance with mo) 
generalized local part Q m ° , and J is the largest homogeneous ideal with trivial intersection 
with Qq (consideration of the quotient is equivalent to imposing the Serre relations in ordinary 
Lie algebra case) |18[ I19j. When |mo| < 1, the commutation relations have the form 

[X (<l>),X (il>)]=X (K 0fi (<l>,4)), [X (4>),X ± ^)} = X ± (iT ± (0,V)), 



[X + {<j ) \X^)}=X Q {K Q {4>^)), (4) 
for all (j), tjj G £, and the conditions (|2|), ([3]) reduce to 

K , (<l>,il>) = -Ko,oW,<f>), (5) 

K± (K 0fi ^^),x)=K ± (^K ± (^x))-K ± (^K ± (^x)), (6) 

K 0>0 ^,K ((/>,x)) = K Q {K + (i>,4>), X ) + K (cf>,K^,x)), (7) 

^0,0(0,^0,0^, x)) + ^o,o(^,^o,o(x,^)) + ^o,o(x,^o,o(0,^)) = 0. (8) 



3 Examples of continual Lie algebras 

In this section £ is a space of complex differentiable functions. Here we give examples of 
continual Lie algebras with commutative £, relevant to the constructions of this paper. Other 
examples can be found in [12l [T71 [181 02] ■ 
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3.1 Witt algebra 

The Witt algebra [6] is the centerless Virasoro algebra. The commutation relation on the single 
generator X((ft), for (ft, if; G £, are 

[X((ft),X(ift)] = X{ ( ftdift-^d4>)=X{[<ft, d ^\), (9) 
K(4>,ip) = <j)d4)-'tpd(j), (10) 

where d denotes the differentiation with respect to a real parameter with obvious notation after 
the last equality in ©. The only condition that the mapping K{(ft,tp) satisfies is ([2]) with 
k = m = n = 0. 

3.2 Ricci flow algebra 

The Ricci flow algebra [21 [3j 0] is determined by the bilinear mappings 

K , (cft,ift)=0, K ± (<^,V0 = T</"V>, K Q {(ft,ift)=d{(ft-^). (11) 

The set of the mappings (fTTj) is equivalent to the set Ko((j),ip) = (ft ■ ip, K±((ft,ip) = ^fcft ■ dip, 
Ko t o((ft,ip) = 0. It is easy to see that both sets obey the conditions (|5])-([8|). The bicomplex 
construction [H [23] based on generators of this Lie algebra leads to the simplest example of the 
Ricci flow equation. 

3.3 Poisson bracket algebra 

The third example we consider in this section is a continual Lie algebra defined by the mappings 

K , o (cft,ift)=0, K ± (<ft ) iP) = ^id ( ft-ift, K (<t>,4) = -id(<f>-i/>), (12) 

and K n ^ m {(j),ip) = i(ndip ■ (ft — mdcft ■ tft), n,m € 7L. In [18] it was proved that this continual 
Lie algebra is isomorphic to the Poisson bracket algebra under an appropriate substitution of 
variables. 



4 Noncommutative tensor product root space 

In all examples of continual Lie algebras mentioned above £ is necessarily a commutative space. 
This requirement is dictated by the identities ([5])-([8]). Indeed, to prove ©-([8]) by substituting 
corresponding mappings one should be able to interchange elements of £. Certain problems 
could also be caused by the presence of derivatives in mappings. Note again that the general 
definition of a continual Lie algebra admits a noncommutative space of roots, although almost 
all examples of continual Lie algebras do not survive in noncommutativity. In order to overcome 
these difficulties we define continual Lie algebras with mappings acting in the space of tensor 
product powers of a noncommutative space E pp. We introduce counterparts of continual Lie 
algebras discussed in previous section by defining new mappings while keeping the form of 
commutation relations (j3]). Since the relations ©-([H]) for a continual Lie algebra mappings 
come from ordinary Jacobi identity they are preserved in the root space we use. 

First we give some definitions and notations. Let E be a noncommutative algebra with 
a product •. Then let £ be the space of all tensor powers of E (including possibly infinite or 
semi-infinite powers). For simplicity we take identical copies of E in £, though a generalization 
with nonidentical E is also possible. We denote by E® = E <g> • • • <g> E, subspaces of £ 
containing M copies of E. For a monome (ft £ £, which belongs to a subspace E® we define 
(possibly infinite) ovd(ft = N. The product of two elements (ft, tft, ord (ft = ord^, in the tensor 
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ord cj> 

algebra £ is defined standardly (we skip the sign of the product) cpip = (g) fy-ipi, where %, 

i=l n 

denotes the ordered tensor product. 

Let us introduce two new operations. The "gluing" (or concatenation) operation ~ for two 
finite order elements (f>, ip G £: 

(jTlp = 01 (g) • • • (8 (0 O rd</> • tpl) <8 • • • (8) 

(ord -0 \ 
® </>m J • (13) 
m=2 / 

The gluing operation is a mapping x E®° iav — £®<"~*+°»*-\ The de fi n i t i on of the 

gluing operation can be generalized for the case of semi-infinite tensor product elements. One 
can concatenate left semi-infinite with right semi-infinite elements. 

Suppose E possesses also a formal derivative operation d (e.g., with respect to a real para- 
meter) parameter. In some cases we also assume the existence of the inverse (with respect to 
a product defined in E) operator d~ l to the formal derivative d. Then for c G E, we define 
a differential operator D^, 1 < k < ord</>, which acts on the ord (ft tensor power element (ft G £, 
as follows 

ord <f> 

D k (ft = fa ® • • ■ (8 c • d(j) k (8) ■ • ■ (8 0ord^ = ® (c ■ <9) 5l - fc • 

i=l 

The gluing operation (|13p . as well as the action of -D rd</> (^VO; are associative with respect to 
the tensor product 

® x) = (Vm^) ® X, 

A>rd<?i(0~W> ® X)) = (Dord^(4^1p)) ® X- 

In what follows an element c G -E is skipped for the sake of simplicity. 
We introduce also the following operator in £ 

d® ord • (ft = (8 (8 • • • (8 8) ■ (ft = d®° rd0 • (ft, (14) 

with the number of derivatives 8 in the tensor product equal to the tensor power order of an 
element £ which 8® ord - acts on, e.g., ord(/>. We will use two notations for the action of the 
differentiation on an element </> G £, 

d® OTd ■4> = 4>-d® ord . 

The natural property of the operator c?® ord - is obvious 

ord • (a (8 b) = (0® ord • a) <8 (5® ord • b) , (15) 

where here and what follows the -multiplication has higher priority with respect to the tensor 
product so that we will skip corresponding brackets. 

In ([9]) and what follows we denote by [4>, A ift] the commutator 

[<f>, A 1>] = <j>Ai> - ^A<t>, 

where A is an operation inserted in between (ft and ift. We will also use the operator which 
inverts the order of tensor multipliers in an element of £. Note that for (ft, ift G £, 



J a ®(0®^) = J°®W®P®(^). 



(16) 
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Having defined mappings for new continual Lie algebras with noncommutative spaces of roots £ 
we have to establish connections with their commutative counterparts, i.e., corresponding con- 
tinual Lie algebras with commutative root spaces. In order to do so we consider the following 
commutative limit. Firstly, we reduce £ to E by taking the tensor order of £ equal to one. All 
tensor power product operations present in defining continual Lie algebra mappings K have to 
be also replaced with corresponding tensor product power one operations acting in E. Then we 
pass to a commutative ordinary product limit in all actions of operators in E involving a non- 
commutative E product. Alternatively one can consider another limit when all tensor products 
have to be replaced by a noncommutative product in E, and then pass to its commutative limit. 
In some cases in our constructions we do not assume that formal derivative operations obey 
Leibniz rule with respect to a noncommutative product in E or tensor product in £. In the rest 
of the paper we proceed with examples of new continual Lie algebras with noncommutative root 
spaces (NCRS) £. 

5 New examples of NCRS continual algebras 

5.1 NCRS Witt algebra 

We start with the most trivial case. One can guess the following mapping 

= 01 ® • • • ® {4>oT&<f> ■ dlpx) ® • • • ® V>ord</> - Ipl ® ■ ■ ■ ® (V>ord^ • d(pi) ® • • • ® ord 

= [0,^V]- (17) 

We call a continual Lie algebra defined by (|17p the noncommutative root space Witt continual 
Lie algebra. 

Remark 1. When ord(fi = ord^ = 1 in (|17|) . the mapping formally coinsides with (110p . though 
the proof is still valid since ([2]) has a different sense (see (1341) 1, 

5.2 NCRS Ricci flow algebra 

Following the idea given in previous subsection we introduce the following mappings Kq, K±, 
K , : 



if+(0,VO=0®V>, (18) 

K-faif)) = -ip®<p, (19) 

tf o ,o(0,Y>) = [<^V>], (20) 

ifoW>,V0 = (21) 



where 

D OT d4> (<^V0 = <Pl ® • • • ® <9(0ord0 • ipl) ® • • • ® ^ordV- 

We call a continual Lie algebra defined by the mappings (|18p - (|2ip the noncommutative root 
space Ricci flow continual Lie algebra. The relation ([5]) is hold in (ord cf) + ord ^)-tensor power 
of E, ([6]), <jSJ) are hold in (ord0 + ordV' + ordx)-power, while the relation ([7]) is in (ord0 + 
ordV' + ordx — 1)- In the commutative limit, we put ord£ = 1, substitute all tensor product 
remaining in mappings by the product in E, and then consider E being commutative. Then we 
see that the mappings (fl"8|) - ([2"T|) have the commutative limit (fTT|) . 
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5.3 NCRS Poisson bracket algebra 

The case of the Poisson bracket algebras seems to be more complicated. We introduce a continual 
Lie algebra over a noncommutative root space so that its mappings satisfy to the identities 
(0)-([5]), and comply with a commutative limit (|12p . Consider 



where the operator (d 1 )® ord • acts similar to (|14p . 

Remark 2. Note that K±, i^o,o (|22|) - (|25|) have the Poisson bracket continual Lie algebra map- 
pings as a commutative limit. As specified above, we put ord £ = 1, substitute all tensor 
product remaining in mappings by the product in E, and then consider a commutative limit of 
the product in E. Then iTo,o(^, VO = 0, and Ko(<fi, tp) = —id (</>•?/>), K±(<fi, tp) = ^fidcp ■ tp. 

Remark 3. The mappings defining the higher grading subspaces of the Ricci flow continual 
Lie algebra (fTTj) . as well as for the Ricci flow (fT5 |) -(|2i p and Poisson bracket (f2"2"j) - (f25j) continual 
Lie algebras with noncommutative root spaces will be discussed in a separate paper. 

5.4 Further examples 

In this subsection we give further examples of noncommutative root space continual Lie algeb- 
ras whose mappings do not form continual Lie algebras with commutative root spaces in the 
commutative limit. 

5.4.1 NCRS Poisson-type bracket continual Lie algebras 

For (p,tp € £, consider the mappings: 



In the commutative limit, ord£ = 1, and commutative product in E, the mappings (|26p - (|29p 
reduce to Ko(<p,tp) = —id(<pip), K+(<f>,il>) = —icpdtp, K_((f>,tp) = itpdc/), -Ko,o(</>i VO = —i [<p, 9 tp]. 
It is easy to check that this set of mappings does not satisfy to dS])-©, and therefore does not 
define a continual Lie algebra. We see that the form of the mapping if_ (|28p represents a direct 
noncommutative analog of the Poisson bracket continual Lie algebra mapping K— of (|12p with 
the commutative root space, while iT + -mapping (|2T|) contains the derivative action on the second 
argument in contrast to K + of (| 12 j) . 

Remark 4. One can alternatively define a continual Lie algebra described above by the map- 



K {^) = -t{d- 1 T™ d -D*-{^), 



(22) 
(23) 
(24) 
(25) 



K ((f),1p) = -i Dord^c/Tll)), 

K+(<j>,ii,) = -i<ir{D 1 ii>), 

tf o ,o(0,Y>) = K+(<f>,^) +iT-(0,V) = -i [<t>? Dl il>]- 



(26) 
(27) 
(28) 
(29) 



pings: 



Ko((p,tp) = (D orA(j} (4rip) + D otA ^^lT(j))) 
K + ((f>,ip) = -i(D OTd(f> (fi)~ip, 
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that in the commutative limit provide Ko(<p,tp) = —id(4>ip), K + ((p,tp) = —i(d(p)ip, K_(cf),tp) = 
i(dip)(p, Kofi(4>^) = i{(dip)4> — (d<p)ip), and, as in (j26j) - ([29j) . do not correspond a continual Lie 
algebra with a commutative root space. We call these two examples the Poisson-type bracket 
continual Lie algebras. 

5.4.2 NCRS Integral mapping continual Lie algebra 

Let E be the ring of differ entiable functions with a noncommutative product • and differentia- 
tion d. Then let £ be the algebra of tensor powers of E. We then introduce the mappings of 
a new continual Lie algebra with noncommutative root space £ and the mapping Kq of integral 
type 

V) = -i[<j)- c^ ord ® V + i> ® d®° ld ■ P®<t>] , (30) 
K.{W) =i[(P^).5 8ord ®^ + ^®3 8ord .4 (31) 
tfo.o(0,V) = -*[&®^], (32) 
K ^^) = -i(d- 1 r ord -^®^)- (33) 

The terms containing P^-operator in (|30p and (|3ip are not important for the construction of 
corresponding continual Lie algebra (see the proof below) and are not present in commutative 
case. It is a usual situation since noncommutative counterparts for derivative terms are not 
unique in general. In contrast to the case of the noncommutative Poisson bracket continual Lie 
algebra the derivative acts on the second argument in K + (cp, ip). 

Remark 5. In the commutative limit the mappings K±, i^o,o (p0|) ~ (f33|) reduce to Ko t o((p, = 0) 
Ko((fi,?p) = —id~ l {<p-ip), K±(<J),ip) = ^i{4> ■ dip + ip ■ d(j)) , and do not form a continual Lie algebra. 

Remark 6. In a similar fashion, we can introduce noncommutative counterparts for other 
examples of continual Lie algebras (in particular for vector fields and diffeomorphisms, and 
cross-product continual Lie algebras [18J) with commutative £ described in |12} I19j. The case 
of contact Lie algebras |15|, [T6] with noncommutative root spaces will be considered elsewhere. 

5.5 Main statement 

Now we will show that new examples of mappings acting on noncommutative root spaces in 
subsections above do indeed comply with the definition of a continual Lie algebra. 

Proposition 1. The mappings a) (IT7|) . b) (fTBI) -(12TD . c) (l22D-(l25l). d) (1261) -d29l) . e) (l30l)- (pD 

satisfy to the identities (JSj) — (JSI) and define noncommutative root space continual Lie algebras. 

The cases a), b), c) represent generalizations for the Witt, Ricci flow, and Poisson bracket 
continual Lie algebras correspondingly. 

Proof, a) The relation ([5]) is satisfied trivially. For ([8]) one has 

K(<f>, K(i>, X )) + Kty, K( X , <t>)) + Kfr, K(<p, i/,)) 

= cPD^Dtx - <P~D lX ~D 1( p - 4TD lX ^D^ + x^D^D^ (34) 
+ two permutations of (<p, tp, x) = 0. 



Then we see that all terms in the above expression cancel. 
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b) © and ([8]) trivially follow from the definition (|20|) of i^o,o- The identity © follows from 
the definitions of K 0)0 (J20D and K± <^-<^). For J7J) one has for any 0, tp, x € £, 

K Q , (tp,K ((/),x)) = [V>,® 01 ® ■■■ ® 9(0 O rd</> -xi) ® ••■ ® Xord x ] 

= A>rd ^ ® 01 ® • • • ® O rd</> • Xl ® • • • ® Xord X ) 

- Awd^Ol ® • • • ® 0ord</> • Xl ® • • • ® Xord X ® VO 

= K (ip ® 0, x) - #0(0, x ® Y>) 

= K (K+U>, 0), x) + #o(0, X))- 

c) The identities (0) and ([S]) are trivially satisfied by _Ko,o dM])- Then we check © for ([22]) 
and (pi) : 

K + (<j>,K + (tl>,x))-K + y,,K+(<t>,x)) 

= -;<9® ord - ®x 

= iM^o,o(0,VO,x), 

and similarly for K- (|23j) . Here we have made use of the property (|15p . Next we check ([7]) 
K (K + (iP^), X ) +K {<f>,K-^,x)) = Ko(-id® OTd ■ V® 0, x) + *X ® 9® ord • V) 

= -(d" 1 )^ • [^° rd • ^ ® ^ • (<TX) " I&d* • (<Tx) ® ^° rd • ^] 

= -[^( 9 - i r oTd -D 2 OId(t> -(rx)] 

= K^-i{d- 1 r^-Dl Ar {<f X )) 
= K 0t0 y;,Ko(<j>,x)). 

d) As we showed in the proof of a) , ([29]) satisfy ([5]) and ([8]) . Then proving ([6]) one has 

#+(#0,0(0, V0>X) = -^1 ® ■ ■ ■ ® (0ord<?i • 9^1 ) ® ••• <8> (V'ord!/. " Xl) ® ' ' 'Xordx 
+ Vl ® • • • ® (VWd^ • 901 ) <8 • • • ® (0 O rd0 • Xl) ® • • • Xord X 
= K+((f>, -ilpl (g) • • • <8 Oordi/) ' 9xi) ® • • • (8) Xord X ) 
- #-C0, -#1 ® • • • ® (0ord<£ • ^Xl ) ® • • • ® Xordx)> 

and similar for K-((fi,ip) in ([6]). Proving ([7]) we find 

#O,oO0, — *01 <8 • • • ® 9(0 or d<A ■ Xl) ® ■ ■ ■ ® Xordx) 

= --01 ® • • • <8 Oord^ • 90i ) ® ■ ■ ■ ® d((j} ord4> ■ xi) <8> 
+ 01 (8 • • • (8 9(0ord<^ • 9xi ) <8 • • • (8 (Xord x • V>i) <8 
= K (-ii/)i <8 • • • ® (t/'ordV ■ 01 ) ® ' ' ' . X) 

+ #o(0,«Xl ® ••• ® (Xordx ■ ^l) ® • • • ® ^ordf)- 

e) The identities © and © are trivially satisfied by K ,o d32j). We then check flgj) for ([30]) 
and ([33]) 

tf+ (0, iT+ x)) - #+ W>, #+ (0, X) ) 

= _(0 . £®°r d) ® (V. • a^ ord ® x + X ® 9^ ord • P^VO 

- • 9® ord x + X ® 9^ ord • P^) ® ((P® 0) • c^ ord ) 
+ (-0 • d® ord ) (8 (0 • a^ ord (8 X + X <8 9® ord • P^0) 



■ ■ ■ ® Xordx 
• • ' ® V'ord^ 
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+ (0 • c^ ord ® X + X ® ^ ord • P <£) ® ((P® ^) • c^ ord ) 
= -(0 ■ d® ord ® (V> • 3® ord ) - V • d® ord ® (0 • d® ord )) (g) x 

- x ® ((5 0ord • p^V) <s> ((P® 0) • a^ ord ) + (d^ ord • p^) ® ((Pg • c^ ord )) 

= -*(-i|>®V] ■d® ord ®x-*x®-P®d® ord - [0,®^]) 
= ir + (ir o ,o(0,^),x), 

and similarly for the mapping i£_ (|3ip . Here we have used the properties (|15p and (|16p . We 
then check the identity © for (I30l)-(l33l): 

= _ (a -l)®ord. ([^.a® ord ®0+0g)a® Ord -P^)] <g> X ) 

+ (a- 1 )^ ^ • <g) [(p® ^) • a^ ord ® x + x ® ^ ord ■ ) 
= ® (cr 1 )^ ■ ® x) + (cr 1 )® ord • ® x) ® V- 

= ^o,o(^,^o(0,x))- ■ 



6 Outlook 

In this paper we construct new examples of continual Lie algebras with noncommutative root 
spaces. Our considerations are focused on the Witt, Ricci flow, and Poisson bracket continual 
Lie algebras that contain derivative operations in the defining mappings. When a root space £ 
is noncommutative, derivative terms cause problems in finding solutions to the identities (|5])-([8|) 
following from Jacobi identity. To fix this problem and introduce generalization for the above 
mentioned continual Lie algebras we have chosen £ to be the space of tensor product powers of 
a space E with a noncommutative product. 

The actions of mappings we use in the space of tensor product powers can be seen as linear 
part approximations for more general construction of bilinear mappings in £. Even at the this 
level, the examples of continual Lie algebras introduced in this paper can be generalized. In 
particular one can use more general mappings containing arbitrary operators Di, i £ 1, . . . , ord 0, 
4> £ £, as well as more complicated differential mappings. Relations to [5] as well as interesting 
generalizations will be discussed elsewhere. We propose to define continual super Lie algebras, 
g-deformations (as in [B]) of the noncommutative continual Witt algebra, and further develop 
g-deformed counterparts p3] for (noncommutative) continual Lie algebras. It would be also 
interesting to determine possible Hopf algebra structure associated to continual Lie algebras 
described here. In a noncommutative root space continual Lie algebra construction we use two 
types of products: a noncommutative product • in a space E, and the tensor product defining the 
algebra £ of tensor powers of E. Thus it would be interesting to make connections with [8] where 
integrable systems have been constructed in spaces with two noncommutative multiplications. 

Continual Lie algebras with noncommutative root spaces appear to be attractive objects both 
from algebraic point of view and in applications in integrable models. In particular, these al- 
gebras can define generalizations of certain exactly solvable models. Integrable models defined 
in noncommutative spaces with ordinary Lie algebras as an algebraic origin were constructed in 
[3 |9l [TUt [M] . Using the bicomplex construction [22] for continual Lie algebras with noncommu- 
tative root spaces one derives associated dynamical systems in noncommutative spaces. Finally, 
one can try to define vertex operators [20] as well as vertex operator algebras associated to 
continual Lie algebras with noncommutative root spaces. 
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